Abstract. In this paper, we study Baskakov type positive operators in polynomial weighted spaces of functions of two variables. We obtain some well known operators by using our operators which are special cases of them. We give theorems on approximation, on the degrees of approximations of functions and the Vornovskaya type theorem for these operators. Finally, we present an open problem concerning the q analogue of these operators.
INTRODUCTION
Let p 2 N 0 : We define ! p .u/ D .1 C u p / 1 ; u 2 R 0 D OE0; 1/ and for fixed p; q 2 N 0 ; we define the weighted function ! p;q .x; y/ D ! p .x/! q .y/; .x; y/ 2 R 2 0 D OE0; 1/ OE0; 1/ : We denote by the weighted space C ! p;q the space of all real-valued functions f continuous on R 2 0 for which ! p;q f is uniformly continuous and bounded on R Let f' n g .n D 1; 2; :::/ is a sequence of functions ' n W C ! C satisfying the following properties: .i i / ' n .0/ D 1 .n D 1; 2; :::/; .i i i / for any x 0; ' n .x/ > 0 and '
.k/ n .0/ 0 for any n D 1; 2; ::: and k D 1; 2; :::. .iv/ for every n D 1; 2; :::
where a n D b n n ! 0 and b n ! 1 as n ! 1: For a real valued function f defined on the interval OE0; 1/ ; generalized Balazs type operator defined by (see [8] )
.n D 1; 2; :::/ :
In (1.2), choosing a n D 1 we obtain following operators
which are known as the Baskakov type operator. It can be easily verified that in case ' n .x/ D .1 C x/ n , the operators L n .f I x/ reduce to the well known Bernstein type rational function introduced by K. Balazs [3] as
In the present work, inspired by operator (1.2), for f 2 C ! p;q and p; q 2 N 0 we introduce the following operators L n;m .f I a n ; b n ; c m ;
.x; y/ 2 R where .a n / ; .b n / ; .c m / ; .d m / are given increasing and unbounded sequences of positive numbers such that
From (1.3) and (1.4) we decide that L n;m .f / are well-defined in every space f 2 C ! p;q and p; q 2 N 0 . Moreover, for .x; y/ 2 R 2 0 ; n; m 2 N; we have L n;m .1I a n ; b n ; c m ; d m I x; y/ D 1:
If f 2 C ! p;q and f .x; y/ D f 1 .x/ f 2 .y/ I for all .x; y/ 2 R 2 0 and n; m 2 N then L n;m .f I a n ; b n ; c m ;
This paper is devoted to a study aimed at obtaining approximation results by using the modulus of continuity and obtaining a Voronovskaya type theorem for the Baskakov type operators defined by (1.3) in polynomial weighted spaces. Approximation results for some different operators in the weighted spaces have been investigated in some papers (e.g. [2] , [6] , [5] , [7] , [4] , [8] , [9] , [10] , [12] , [11] ).
AUXILIARY RESULTS
In this section, we give some lemmas, which are essential to prove our main theorems. Lemma 1. Let L n .f I x/ be defined by (1.2). For x 2 R 0 and n 2 N; we have
where a n D b n n ! 0, b n ! 1 and
Lemma 2. For every fixed p 2 N 0 ; for all x 2 R 0 and n 2 N, we have
n .a n x/ ' n .a n x/ where M 1 ; M 2 are positive constants.
Lemma 3. For every x 2 R 0 ; one has
Lemma 4. For every p; q 2 N 0 ; m; n 2 N and every f 2 C ! p;q ; we have
where M 4 is a positive constant.
Lemma 5. Let f 2 C ! p;q and p; q 2 N 0 :For all m; n 2 N, we get
where M 5 is a positive constant.
MAIN RESULTS
Now, we give firstly following two theorems on the degree of approximation of functions by L n;m defined by (1.3). 
Applying the Hölder inequality and (2.1), (2.2), (2.3), we get the inequalities
n .a n x/ ' n .a n x/ 2 a n b n ' 0 n .a n x/ ' n .a n x/ C 1
for a sufficiently large n; we have
and so
Consequently ! p;q .x; y/ˇL n;m Finally, the last two inequalities, for all m; n 2 N; we derive from (3),
Thus the proof of the theorem is completed. and from (3.5) and (3.6), we get
Now, for L n;m defined by (1.3), we can write ! p;q .x; y/ jL n;m .f I x; y/ f .x; y/j Ä ! p;q .x; y/˚ˇL n;m f .t;´/ f h;ı .t;´/ I x; y ČˇL n;m f h;ı .t;´/ I x; y f h;ı .x; y/ˇCˇf h;ı .x; y/ f .x; y/Ď 1 C 2 C 3 :
Firstly, we consider 1 D ! p;q .x; y/ˇL n;m f .t;´/ f h;ı .t;´/ I x; y ˇ. By (2.6) and (3.7) we have
and for 3 , we get Ä˝.f I h; ı/ : Finally, for 2 ; Applying Theorem 1 and (3.8) and (3.9), we obtain 2 D ! p;q .x; y/ˇL n;m f h;ı .t;´/ I x; y f h;ı .x; y/Ä
Consequently, for .x; y/ 2 R 2 0 ; m; n 2 N and h; ı > 0, there exists M 13 we get
(3.10)
For fixed x; y > 0; taking h D r x b n and ı D r y d m in (3.10), we obtain desired result.
From Theorem 2, we obtain following approximation theorem for L n;m operators defined by (1.3): .a n x/ k kŠ
, then the operators L n;m .f I x; y/ reduce to Bernstein Balazs type operators of two variables defined by where " 1 .t;´/ D " 1 .t;´I x; y/ is a function belong to C p;q and " 1 .x; y/ D 0: From this and by (1.1), (1.3), (1.5)-(2.1) and (3.12), we can write the following equality Using the equality (3.17) in (3.14), the proof is completed.
Remark 2. Recently many generalizations of well-known positive linear operators, based on q integers were introduced and studied widely by several authors (we refer the reader to [1] ). One can define and study q analogue of the operators (1.3) .
